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We propose a novel mechanism for designing quantum hyperbolic metamaterials with use of semi-
conductor Bragg mirrors containing periodically arranged quantum wells. The hyperbolic dispersion
of exciton-polariton modes is realized near the top of the first allowed photonic miniband in such
structure which leads to formation of exciton-polariton X-waves. Exciton-light coupling provides a
resonant non-linearity which leads to non-trivial topologic solutions. We predict formation of low
amplitude spatially localized oscillatory structures: oscillons described by kink shaped solutions of
the effective Ginzburg-Landau-Higgs equation. The oscillons have direct analogies in the gravita-
tional theory. We discuss implementation of exciton-polariton Higgs fields for the Schro¨dinger cat
state generation.
Introduction A remarkable similarity between propa-
gation of electromagnetic waves in inhomogeneous media
described by the Maxwell’s equations and propagation
of photons in curved space-time described by the gen-
eral relativity laws offers a possibility of designing media
where light propagates along pre-defined curved trajec-
tories. This concept, known as transformation optics [1]
not only allowed emulating many gravitational effects
such as gravitational lensing [2], event horizon [3] etc,
but also led to a bunch of intriguing practical applica-
tions, such as optical cloaking [4], and superresolution
optical imaging [5]. Construction of the media with pre-
defined profiles of electric and magnetic permeabilities is
feasible with use of metamaterials [6], artificial periodic
structures whose optical properties are governed both by
the electromagnetic response of individual structure el-
ements and by the geometry of the lattice. Hyperbolic
metamatrials (HMM’s) are highly anisotropic media that
have hyperbolic (or indefinite) dispersion [7], determined
by their effective electric and/or magnetic tensors. Such
structures represent the ultra-anisotropic limit of tradi-
tional uniaxial crystals. One of the diagonal components
of either permittivity (ε) or permeability (µ) tensors of
HMM has an opposite sign with respect to the other two
diagonal components. Recently, HMMs have attracted
an enhanced attention both due to the promising appli-
cations in quantum lifetime engineering [8] and subwave-
length image transfer [9], and because of their relatively
low production costs as compared to other optical meta-
material designs. In contrast to all-dielectric uni-axial
anisotropic media for which both dielectric permittivi-
ties are positive: ε1 ≡ εx = εy > 0 and ε2 ≡ εz > 0, in
HMMs ε1 and ε2 have opposite signs in some frequency
range due to the presence of metallic layers. As a result,
the analogy between wave propagation governed by the
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FIG. 1. (a) – Schematic picture of spatially periodical struc-
ture (“Bragg mirror”), (b) – dispersion characteristics for four
Bragg exciton-polariton branches (black solid lines); photonic
Bragg mode dispersion is shown with red dashed lines, and,
(c) is the effective mass dispersion for the lower polariton
branch P1.
Helmholtz equation and the effective Klein-Gordon equa-
tion for massive particle with fictitious time coordinate
can be obtained for the description of a coherent CW
laser beam propagation in such a structure. This anal-
ogy makes possible creation of the Minkowski space-time
using HMMs [10]. Applications of HMMs for modelling
gravity and cosmology problems within scalar φ4-field
2theories require introducing a strong Kerr-like nonlinear-
ity to the medium, [11]. However, the nonlinear response
of the conventional HMMs is relatively weak. Moreover,
most of the studied HMMs are essentially periodic arrays
of metallic inclusions, characterised by large ohmic losses
and decay of the electromagnetic field propagation.
To overcome these problems, in this Letter we propose
a novel approach for emulating quantum effects in curved
space-time using resonant semiconductor Bragg mirrors.
Light propagation in such structures has been exten-
sively studied both in theory and in experiments [12–
17]. In particular, the dramatic modulation of the re-
flectivity spectra of Bragg spectra in the vicinity of ex-
citon resonances has been predicted in [13]. The pecu-
liar dispersion of mixed photon-exciton modes in Bragg
arranged quantum wells (QWs) has been discussed in
literature (see, e.g. [14–17]). Here we show that planar
periodic semiconductor Bragg mirror structures with em-
bedded QWs allow for controlling the signs of effective
masses of mixed light-matter quasiparticles termed Bragg
exciton-polaritons in order to create a quantum HMM.
Exciton-polaritons are responsible for the strong nonlin-
ear dielectric susceptibility of the system due to their
excitonic part, while their dispersion properties can be
tailored through the photonic part by tuning the layer
thicknesses [15]. The magnitude and sign of the polari-
ton effective mass in such structures affect the effective
dielectric permeabilities which are crucial for designing
HMMs, cf. [18].
Bragg mirror model. The semiconductor structure
that we are discussing here is schematically shown in
Fig. 1(a). It consists of the periodic array of alter-
nating dielectric layers with QWs placed in the cen-
tres of the layers of one type. The exciton frequency
is tuned to the high frequency edge of the second pho-
tonic band gap, which is characterized by the saddle point
in the dispersion surface, cf. [15]. The Hamiltonian of
the structure in Fig. 1 has a generic structure, that is
Hˆ = Hˆph + HˆX + Hˆcoup + Hˆnl where Hˆph is the pho-
tonic part, HˆX is the excitonic part, Hˆcoup accounts for
the exciton-photon coupling, and Hˆnl is the nonlinear
part, originated from the exciton-exciton scattering. If
we consider the frequencies in the vicinity of the second
photonic band gap of the Bragg mirror, we can diago-
nalize the linear part of the Hamiltonian Hˆ , using the
approach described in [14] to obtain the dispersions of
the four polariton branches P1, P2, P3, P4, which are
shown in Fig. 1(b); for more details see the supplemental
material [19].
The lower branch (LB) of polaritons is characterized
by the effective mass tensor whose diagonal components
differ in sign. In general the effective mass tensor is dis-
persive due to the non-parabolicity of the polariton band,
however for the wave vectors small compared to the in-
verse period of the structure 1/D, one can safely assume
the tensor components constant (see Fig. 1(c)). Note
that due to the smallness of the effective mass, exciton
polaritons remain within the light cone, i. e. at the wave
vectors smaller than 1/D, even at room temperature.
In general case, the Hamiltonian Hˆ for the structure
in Fig. 1 in the polariton basis is given by
Hˆ =
∑
i
∑
q
~ωi(q)cˆ
†
i (q)cˆi(q) +
g0
2
∑
i,j
k,l
∑
q1,q2
q
Xi(q1 +q)Xj(q2−q)Xk(q1)Xl(q2)cˆ†i (q1 +q)cˆ†j(q2−q)cˆk(q1)cˆl(q2), (1)
where i, j, k, l = {1, 2, 3, 4} enumerate polariton branches
with corresponding frequencies ωi; q is an exciton-
polariton wave-vector, cˆ, cˆ† are the annihilation and cre-
ation operators, Xi,j,k,l are the Hopfield coefficients defin-
ing the exciton fraction in the polariton state. The
nonlinear coupling constant can be approximated by
g0 ≈ 6Eba3bD
/
dQWV , where Eb is the exciton binding
energy, ab is the exciton Bohr radius, D is period of the
structure, dQW is the QW width, and V is the QW area.
Hereafter we restrict ourselves only to LB neglecting the
inter-branch scattering processes. In real space, we will
describe LB polaritons by the field operator Ψˆ defined as
Ψˆ(r, t) =
1√
V
∑
q
cˆ1(q)e
iqr−iω1(q)t. (2)
Next, we use a mean-field approach to replace the cor-
responding polariton field operator Ψˆ(r, t) by its average
value Ψ(r, t) = 〈Ψˆ(r, t)〉, which characterizes the LB po-
lariton wave function (WF) associated with the Bragg
mirror structure. By using Eqs. (1), (2) and taking the
Fourier transform we obtain the nonlinear Schro¨dinger
equation for the real-space dynamics of the order param-
eter Ψ(r, t), cf. [19]
i
∂Ψ
∂t
=
[
− ~
2m‖
∆‖ −
~
2m⊥
∂2
∂z2
− iγ0 + g|Ψ|2
]
Ψ, (3)
where m‖ and m⊥ are the components of the effec-
tive mass tensor, g = 6Eba
3
bDX
4
1
/
~dQW is two-body
polariton-polariton interaction strength, X1 ≈ ΩP / 2ΩB
is coordinate independent Hopfield coefficient (cf. [14]),
ΩB is the band gap half-width, ΩP is the Rabi-frequency
governed by the exciton-photon coupling strength. We
have introduced the dissipation term −iγ0 to account
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FIG. 2. (Color online) (a) – Isofrequency surface for
Bragg exciton-polaritons in the linear dissipationless regime
at g ≃ 0, γ0 ≃ 0. Values of QX,Y,Z are given in √η
units. The effective masses of polaritons in the struc-
ture are m‖ ≈ 3.58 × 10−35kg, m⊥ ≈ −3.58 × 10−36kg.
(b) – Normalized probability density ϕ2xw vs spatial R
and Z variables; (R −R0)2 = (X − X0)2 + (Y − Y0)2.
The parameters are: ∆ = 6× 10−4, Z0 = LZ/2,
R0 = LR/2 = L/
√
2, LZ ≈ 5.1× 10−4, L ≈ 3.2× 10−3,
η ≈ 2.6 × 107, Nin ≈ 1.98× 107. Values of the parameters
(except ∆) are taken the same as for Fig. 3 and are discussed
below.
for the radiative decay of polaritons. Deriving Eq. (3)
we assume that ΩP is much smaller than ΩB; we also
neglect the nonlocal character of polariton-polariton in-
teraction assuming X1 ≡ X1(0). An important pecu-
liarity of our system is the negative transverse com-
ponent of the polaritonic effective mass that tends to
m⊥ = −4pi2~ΩB
/
ω2BD
2, where ωB is the centre of the
second photonic band gap. Meanwhile, the lateral effec-
tive mass m‖ ≈ 2ε˜~ω0/c2 is positive, ε˜ being the average
dielectric permittivity of the layered structure.
For the numerical estimations we consider a
GaN/AlGaN layered structure with InGaN QWs,
for which the exciton binding energy is approxi-
mately 45 meV, the exciton Bohr radius is ab ≈ 18nm,
dQW = 10nm and Rabi frequency ΩP ≈ 2pi × 7.25THz.
We chose the exciton energy of 2 eV and photonic band
gap width of 0.1eV, D = 125nm and ε˜ = 5.035. The po-
lariton decay rate γ0 is given by the photonic radiative
decay lifetime τ = 1/γ0, which is taken to be 0.5 ps that
is the typical value for GaN based microcavities.
We transform Eq. (3) to the standard Schro¨dinger
equation by introducing new variable Ψ(r, t) =
φ(r, t)e−γ0t as
i∂tφ =
[
− ~
2m‖
∆‖ +
~
2m
∂zz + p(t)
−1g|φ|2
]
φ, (4)
where we denote m ≡ |m⊥|. In (4) we suppose that
e−2γ0t ≈ 1 − 2γ0t ≡ p(t)−1, cf. [20]. This approach is
applicable in the limit of weak decay: γ0 ≪ ΩP . We focus
on the stationary states of LB polaritons representing the
solution of Eq. (4) in the form
ϕ(X,Y, Z) =
√
κ2κz
p(t)3
φ(r, t)
× exp
[
i
γ0m‖p(t)
~
(
x2 + y2 − m
m‖
z2
)
+ iEp(t)t
]
, (5)
where κ =
√
~V / 2m‖g, κz =
√
~V / 2mg are charac-
teristic macroscopic scales of polaritonic system in the
structure, V = LxLyLz is volume of the structure in
Fig. 1, E is energy of the system. Substituting (5) for
(4) we finally obtain
∂ZZϕ− (∂XX + ∂Y Y )ϕ− ηϕ+Gϕ3 = 0, (6)
where η = EV / g, G = V / κ2κz. Polariton WF ϕ obvi-
ously obeys a normalization condition∫ L
0
dX
∫ L
0
dY
∫ LZ
0
ϕ2dZ
∣∣∣∣∣
t=0
≃ Nin, (7)
where Nin is initial (at t = 0) total number of polaritons,
the dimensionless variables X = p(t)x/κ, Y = p(t)y/κ,
Z = p(t)z/κz; t¯ = p(t)t; LX = LY = L and LZ are
characteristic dimensionless lengths of the structure.
Linear regime. The most interesting features of Eq. (6)
can be elucidated in the linear regime, i.e. for the ideal
gas of non-interacting polaritons occurring at g ≃ 0
(ΩP /ΩB → 0) and for the vanishing decay rate γ0 ≃ 0.
In this limit, effective dispersion relation is obtained from
Eq. (6) substituting plane wave solution Ψ ∝ eiQR :
η = Q2X +Q
2
Y −Q2Z . The corresponding dispersion sur-
face is shown in Fig. 2(a). It is clearly seen that a Bragg
mirror allows existence of freely propagating LB polari-
tons. The specific dispersion of Bragg polaritons leads to
the characteristic HMM divergence of the photonic den-
sity of states [4]. In the same limit, Eq. (6) supports so
called X-wave solution defined as [21]
ϕxw = CRe
[
v−1/2 exp
[−i√v]] , (8)
where we have redefined v = η[(∆− i(Z − Z0))2 + (X −
X0)
2+(Y −Y0)2]; ∆ is a real-valued arbitrary coefficient
that determines the wave packet localization, X0, Y0 and
Z0 define positions of the center of the wave packet, C is
normalization constant which can be estimated using the
normalization condition (7). The solution (8) is shown
in Fig. 2(b) for the parameters given above. Physically,
the polaritonic X-wave represents a nondiffracted local-
ized wave packet analogous to diffractionless beams in
optics [22].
Polariton Higgs field. The behavior of our polari-
ton system is essentially modified in the presence of
polariton-polariton scattering, i.e. at g 6= 0. Equa-
tion (6) with the “time” variable Z represents Ginzburg-
Landau-Higgs (GLH) equation, that is typically dis-
cussed in connection with the Universe properties and
4bubble evolution [23]. In order to study Eq. (6) it is con-
veninent to represent the Higgs field ϕ as a complex scalar
field ϕ = ϕ1 + iϕ2. The “Mexican hat” Higgs potential
W ≡W (ϕ1, ϕ2) is shown in Fig. 3(a). The false vacuum
state corresponds to ϕ = 0 while two real vacuum states
are located at ϕ± = ±
√
η/G ≡ ±s [11]. These two
states correspond to two minima of Higgs field potential.
The state ϕ = 0 is unstable vs fluctuations, while the
states ϕ± are stable. The behavior of a polariton system
governed by Eq. (6) can be easily understood if we con-
sider small perturbations ϕ˜1,2 defined by ϕ1 = ϕ0 + ϕ˜1,
ϕ2 = ϕ˜2 ( ϕ˜1,2 ≪ ϕ0) where ϕ0 is the ground state solu-
tion of Eq. (6).
Taking into account the global U(1) symmetry proper-
ties of the Lagrangian for Eq. (6) it is possible to conclude
that the field ϕ˜1 possess a mass whereas the field ϕ˜2 is
massless and represents a Nambu-Goldstone boson. Here
we focus on ϕ1 field properties. In order, Eq. (6) supports
a classical (static) kink or black soliton solution
ϕ0(X,Y ) = ±s tanh [Θ] , (9)
where Θ ≡ √η (X −X0 + Y − Y0)/ 2. In (9) the pa-
rameters X0, Y0 characterize the position of the en-
velope minimum. At X,Y → ∞ the soliton solution
in (9) approaches two vacuum states ϕ±. Combin-
ing (7) and (9) we obtain a condition: Nin ≃ LZ(L2η −
8 ln[cosh[L˜]])/G, that determines the critical number of
particles required for a kink formation. Here we assume
that X0 = Y0 = L/2 and introduce the dimensionless pa-
rameter L˜ = L
√
η/2.
The parameter s =
√
η/G in Eq. (9) plays a crucial
role in the field theory, cf. [11]. In the limit s ≫ 1, the
soliton can be treated as a classical object. We consider
the oscillon field as a small perturbation for ϕ-function
in Z direction. In order to find it, we represent ϕ in
the form ϕ = ϕ0 + µδϕ (ϕ˜1 ≡ µδϕ), where the os-
cillon solution δϕ = δϕ(X,Y ) cos
(
Ω˜(Z − Z0)
)
charac-
terizes lateral excitations; we assume that the condition
|ϕ0| ≫ µ|δϕ| is fulfilled. Substituting ϕ and Eq. (9) in
Eq. (6) and linearizing it with respect to δϕ, we obtain
a Schro¨dinger-like equation Fˆ δϕ(X,Y ) = Ω˜2δϕ(X,Y )
for eigenstates (δϕ) and eigenvalues (Ω˜) of the opera-
tor Fˆ = −∇2‖ + 2η− 3ηsech2[Θ]. For Ω˜2 = 3η/2 the first
excited state of the system is given by:
δϕ(X,Y ) = s tanh[Θ]sech[Θ]. (10)
The classical kink state ϕ0 becomes perturbed due to
low amplitude oscillations (fluctuations) of the Higgs field
ϕ; the state being called “Higgs oscillon”.
In Fig. 3(b) the perturbed kink ϕ2 as a function of X
and Y at fixed “time” coordinate Z is plotted. At X →
∞ and Y → ∞ the black soliton solution approaches
two vacuum states ϕ2± as the shadow plane in Fig. 3(b)
shows. Taking into account a finite size of the lattice
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FIG. 3. (Color online) (a) – Schematic of Higgs potential
W versus ϕ1 and ϕ2 variables, (b) – perturbed Higgs field
(black soliton) ϕ2 and (c) – perturbation δϕ2 versus dimen-
sionless spatial coordinates X and Y . The parameters are:
X0 = Y0 = L/2, Z = Z0 = pi/2Ω2, µ = 0.2, Lx = Ly = 2µm,
Lz = 1µm, g/V = 2.49neV, E1 = 63.8meV. Upper shadow
plane φ2 = η/G in (b) indicates vacuum state solution.
in X and Y directions and the periodicity of the system
in Z direction (with a period of 2pi/Ω˜) we consider the
oscillon formation in a 3D box LX ×LY ×LZ . We write
down the condition η = 2pi2n2/3L2Z, which is relevant
to the normalized energy η ≡ EnV/g. The square of
a quantized Higgs oscillon amplitude δϕ2 is plotted in
Fig. 3(c) for the ground state (n = 1).
Let us note that the energy density J of the polari-
ton Higgs field is J = 12 [(∂Zϕ)
2 + (∂Xϕ)
2 + (∂Y ϕ)
2 −
ηϕ2 + G2 ϕ
4], while the energy density J0 of the kink
is J0 =
1
2
[
(∂Xϕ0)
2 + (∂Y ϕ0)
2 − ηϕ20 + G2 ϕ40
]
. Since
|ϕ0| ≫ µ|δϕ|, J approaches J0. Integrating J0 over the
space coordinates X , Y we obtain the energy density in
5Z direction as
E0,Z =
η
3G
(
2− 3L˜2 + 8 ln
[
cosh[L˜]
]
− 2sech2[L˜]
)
.
(11)
The energy density of “vacuum” states ϕ± is J± =
1
2
[−ηϕ2± + G2 ϕ4±]. Hence we can write down energy den-
sity in Z direction as E±,Z = −L˜2η/G. Taking into ac-
count Eq. (11) we can introduce the so-called “mass” of
the kinkM ∼ E0,Z−E±,Z . Physically static dark soliton
behaves as a relativistic particle with energy E = Mc2
at rest, where c is speed of light, cf. [23]. Note that the
“mass” of the soliton M is dependent on the size of the
lattice structure.
Topological Schro¨dinger cat states. Now let us dis-
cuss the Higgs field properties beyond the mean field
theory. The quantum tunneling between states ϕ± rep-
resenting two minima of the Higgs potential, Fig. 3(a)
is responsible for creation of field bubbles in the gauge
field theory [11]. The tunneling leads to formation of the
Schro¨dinger cat states (superposition states):
|ψ±〉 = 1√
2(1 + e−2s2)
(|φ+〉 ± |φ−〉) , (12)
where |φ+〉 and |φ−〉 are macroscopically distinguish-
able Glauber’s coherent states associated with fields φ+
and φ−, respectively. The “size of the cat” can be es-
timated via the overlap integral of the states |φ±〉 as
ζ = 1/〈φ+|φ−〉 = e2s2 [24]. The parameter ζ becomes
larger in the limit s ≫ 1 which is indeed experimentally
achievable in realistic structures (9). Notably, the prop-
erties of states |ψ±〉 are highly non-classical, see e.g. [25].
In particular, due to the interference, a fringe pattern
occurs between Gaussian bells representing states |φ±〉
in the Wigner function approach. The negativity of this
function that is inherent to the states (12) is responsible
for that. While the states (12) involve a macroscopically
large number of particles they can be used for genera-
tion of macroscopic entangled states (cf. [26]) of exciton-
polaritons in Bragg-superlattices. The computational
qubit states |0〉 and |1〉 can be associated with mutu-
ally orthogonal states (12) as |0〉 = |ψ+〉 and |1〉 = |ψ−〉,
cf. [27]. Alternatively, if the parameter e−2s
2
in (12) van-
ishes rapidly, the topological states |φ+〉 and |φ−〉 for the
quantum Higgs field itself may be considered as a com-
putational qubit states |0〉 and |1〉 [28]. In this case qubit
operations presume implementation of linear circuit net-
works and conditional photon detection [29]. Amazingly,
such circuits can be designed using well developed semi-
conductor technologies, [30, 31].
In conclusion, we propose realisation of quantum
HMMs in a periodic planar semiconductor Bragg mirror
with embedded QWs. We demonstrate mapping of the
polaritonic Gross-Pitaevskii equation onto a nonlinear
Ginzburg-Landau-Higgs equation, which exhibits phys-
ically non-trivial features. In the liner case, i. e. for non-
interacting LB polaritons we obtain a polariton X-wave
solution that is reminiscent of a non-diffractive (spatially
localized) matter wave packet. We predict formation
of kink-shaped states for weakly interacting polaritons.
Small amplitude oscillations (oscillons) occur in a per-
turbed polariton Higgs field due to fluctuations. Going
beyond the mean field theory we obtain a Schro¨dinger
cat state as a macroscopic superposition of two vacuum
states ϕ±. Polaritonic nonlinear HMMs have a high po-
tentiality for simulation of fundamental cosmological pro-
cesses.
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